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^^H , Abstract. For any module over the affine Weyl group we construct a rep- 

$_^ ■ resentation of the associated trigonometric Cherednik algebra A{k) at critical 

^L^' level in terms of Dunkl type operators. Under this representation the center of 

■^^ ' j4(fc) produces quantum conserved integrals for root system generalizations of 

quantum spin-particle systems on the circle with delta function interactions. 
This enables us to translate the spectral problem of such a quantum spin- 
particle system to questions in the representation theory of A{k). We use this 
[- approach to derive the associated Bethe ansatz equations. They are expressed 

r^ , in terms of the normalized intertwiners of A{k). 
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1. Introduction 

^ I The trigonometric Cherednik algebra [H [5] depends on a root system R, a mul- 

\^ I tiphcity function fc, and a level c. For noncritical level c 7^ it is an indispensable 

■"nJ" ■ tool in the analysis of quantum Calogero-Moser systems with trigonometric poten- 

^^ I tials. In this paper we use the trigonometric Cherednik algebra A{k) at critical level 

c = to analyze the root system generalizations of quantum spin-particle systems 
\l ' on the circle with delta function interactions. 

o 

interactions goes back to Lieb and Liniger [23] . These systems are particularly well 
studied and have an amazingly rich structure, see, e.g., [23l |37l |26l |36l |35l [12] , to 
name just a few. They have been successfully analyzed by Bethe ansatz methods 
and by quantum inverse scattering methods. We want to advertise here yet another 
$— ( ' technique which is based on degenerate Hecke algebras. It allows us to extend the 

Bethe ansatz techniques to quantum Hamiltonians with delta function potentials 
along the root hyperplanes of any (afhne) root system. This builds on many earlier 
works, see, e.g., [12l[T6l[l3l[32l[7l[2Il[20l[17l[S]. In special cases the associated 
quantum system describes one dimensional quantum spin-particles with pair-wise 
delta function interactions and with boundary reflection terms. 

To clarify the interrelations between these techniques we feel that it is instructive 
to start with a short discussion about the analysis of the quantum spin-particle 
systems on the circle with delta function interactions using the classical Bethe 
ansatz method. It goes back to the work of Lieb and Liniger [53] in case of the 
quantum Bose gas. The extension of these techniques to quantum particles with 
spin was considered, amongst others, by McGuire [25l[26], Fhcker and Lieb [10], 
Gaudin [11] and Yang [36] . 

Consider the natural action of S'„ x Z" on M" by permutations and translations 
and choose a representation p : Sn x Z" -^ GLc{M) (it encodes the spin of the 
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quantum particles). Consider the quantum Hamiltonian 

H^' = -A - k ^ S{xi - Xj + m)p(sij.m) 

l<i<j<n 

with A the Laplacean on R, /c e C a couphng constant, S Dirac's delta function 
and Sij;m e Sn f< Z" the orthogonal reflection in the affine hyperplane 

{x € M" I Xj — Xi = m}. 

With the present choice of notations, coupling constant fc < (respectively fc > 0) 
corresponds to repulsive (respectively attractive) delta function interactions be- 
tween the quantum particles. 

A fundamental domain for the action of 5„ k Z" on M" is 

C+ = {x eM"\xi> X2> ■■■ > Xn> Xi- 1}. 

The Bethe hypothesis in this context (see [23]) is to look for eigenfunctions of 
H^^ that have an expansion in plane waves in each Sn ix Z"-translate of C+ . The 
hypothesis is justified by the following result. 

Theorem 1.1. Fix A G C" such that Xi ^ Xj for i ^ j. Choose furthermore 
ruyj e M (w £ Sn)- There exists a unique M -valued continuous function fx on K" 
satisfying 

(i) fx is an eigenfunction ofTC^^ (in the weak sense) with eigenvalue given by 

(ii) On each 5„ k 1,^^ -translate of C+, fx can he expressed as a sum of plane 
(w e Sn) with coefficients in M . 

The proof of the theorem encompasses an explicit recipe how to propagate 
X^toeS "i^e™'^|c+ to the eigenfunction fx of Tl^^ . It is based on the reformula- 
tion of the spectral problem Ti.^^ fx = —X^fx as a boundary value problem. The 
uniqueness of fx is the subtle point, we discuss it in Section [5l 

Fix A G C" generic (to be made precise in the main text) and consider the 
diagonal Sn x Z^-action {w ■ f){x) :— p{w)f{w~^x) on the space of M-valued 
functions on R". The study of the ^n-invariant eigenfunctions fx has led to the 
discovery of the famous Yang-Baxter equation with spectral parameters as follows 
p5l[36]. Denote Sij = Sij-o G Sn and consider the elements 

■' u— k 

in the group algebra C[5„] of 5„ for generic u G C The S'„-invariance of the 
eigenfunction fx is equivalent to the plane wave coefficients ruw being of the form 
"T-iu = p(>^^(A))"T- {m G M) with J^(A) the unique elements in C[S'„] satisfying 
J'1{X) = 1 and 

(1-1) Jsi_,+iwW = ^j,i+i(Au,-i(i) - A„-i(i+i))si,i+i J^(A) 

for 1 < i < n and w G Sn- We denote the corresponding S'„-invariant eigenfunction 
by /™. The consistency of (jl.ip is equivalent to the Yij being unitary solutions of 
the Yang-Baxter equation, 

Yt,j {u)Y^,i {u + v)Y^,i (v) = Yl", {v)Yl:t (u + v)Yt^^ {u), 1 < i < J < I < n, 

Y^^{-u) = Y^^{u)-\ l<t<J<n. 



(iii) /A|c+=E»65„'«-e-^' 
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We now translate the requirement that /™ is Z"-invariant to explicit conditions 
on 771 G M . The group Sn ix Z" is generated by Sn and one additional element tt, 
which we characterize here by its action on M", 

There exists a unique extension of the J^{X) to elements J^(A) (w G S'„ ix Z") in 
the group algebra C[S'„ ix Z"] of Sn ix Z" satisfying J^(A) = tt and satisfying the 
cocycle relation 

JLW = J'S{{Dw)\)J^{X) Vf,w e 5„ K Z", 

where D : Sn <>< '^"' —> Sn is the natural surjective group homomorphism (omitting 
the translation part). Then /™ is Z"-invariant if and only if m, G M satisfies the 
Bethe ansatz equations 

see Theorem 15.101 The Bethe ansatz equations (|5.7I) for special modules M were 
derived in, e.g., [H Hi [Ml IH 123 • 

Our results will show that for root system R of type A, the trigonometric Chered- 
nik algebra A[k) at critical level c = enters the analysis of these quantum systems 
in three closely related ways: 

(i) The quantum Hamiltonian li.^ can be constructed from a family of com- 
muting Dunkl type differential-reflection operators. These Dunkl operators, 
together with the diagonal Sn ix Z"-action, give a presentation of A(k). 
(ii) The propagation procedure, which extends a plane wave X^toes "T^iue'"^|c+ 
to the eigenfunction /> of HJ^ , is governed by a representation of 5'„ k Z" 
defined in terms of integral-reflection operators. Together with the constant 
coefficient differential operators it gives another presentation of Aik). 
(iii) The cocycle {J^(A)}^g5„KZ" comes from the action of the normahzed in- 
tertwiners of A(fc) on principal series modules of AiW). 

In this paper we discuss (i— iii) for arbitrary root systems R. It is subsequently used 
to apply the Bethe ansatz methods to the root system generalizations of the spin- 
particle systems on the circle with delta function interactions. It leads in particular 
to the Bethe ansatz equations for any root system R (see Theorem 15. lOp . 

2. Notations 

2.1. Orthogonal reflections in affine hyperplanes. Let T^ be a Euclidean vec- 
tor space with scalar product (•, •). The linear dual V* inherits from Y the structure 
of a Euclidean vector space and we also write (•, •) for the associated scalar product 
on V* . In this and the next subsection B denotes a commutative unital noetherian 
M-algebra. For any real vector space M we use Mb as a shorthand notation for the 
B-module B (g)R M. We extend the scalar products on V and on V* to i3-bihnear 
forms on Vb and V^, which we still denote by (•, •). Let P{V) denote the algebra of 
real polynomial functions on V. We regularly identify Pb{V) := P{V)b with the 
symmetric algebra S{Vg) of Vg by interpreting ^ G V^ as the i?- valued polynomial 
V I— > $,{v) on V . 

Consider the space ASb{V) :— AS{V)b of i3- valued affine linear functions on 
V. It is the subspace of Pb{V) consisting of B-valued polynomials of degree < 1 
on V. Under the natural identification Pb{V) ~ S{Vb), the affine linear function 
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<j> e AffB(V') identifies with (, + XI e V^ Q) Bl {£, e V^, X e B) where ^ is the 
gradient D(j> of (f> and A = 0(0), i.e. 

(j){v) ^ ^{v) + X, yvev. 

The co-vector ^'^ e V associated to ^ e V* \ {0} is defined by 

For (f) G AfF(T^) with nonzero gradient, the map s^ : V ^ V defined by 

is the orthogonal reflection in the affinc hypcrplane Vcf, = {v G V\(f>{v) = 0}. 
Observe that s^ is linear if is linear, in which case we also write s^ for its B- 
linear extension s^ :Vb ^ Vb- 

For V G Vb we define translation operators t^ : Vb -^ Vb by 

ty{v')^v + v', v'eVB- 

Note that f o ty = tf(^y-j o / for _B-linear mappings / : Vb -^ Vb- Furthermore, for 
(f) G Aff(T^) with nonzero gradient we have 

(2.1) S0 = S£)0t0(o)(_D0)v. 

2.2. Root systems. Let _R C T^* be a reduced, crystallographic root system in V*. 
We assume that R is irreducible when considered as root system in spauj^ji?} C V* . 
The associated co-root system is _R^ = {a^jaei? C V. 

Note that we do not require that R spans V* . This allows us for instance to 
consider the root system R = {ei — ej}i<i^j<n of type A„__i with ambient Euclidean 
space V* = M", where {ei}"=i is the standard orthonormal basis of W\ 

The Weyl group W is the subgroup of 0{V) generated by the orthogonal reflec- 
tions Sa in the root hyperplanes Va (a G -R), hence V has a canonical R[M^]-module 
structure. By extension of scalars we consider Vb as a _B[T4^]-module. In the dual 
module Vg the action of Sq, is given explicitly by 

s„(0=e-e(«'')«, eeV^B 

for a € R. 

We fix a full lattice X C V* satisfying the following two properties: 

(i) X contains the root lattice Q of R. 
(a) The lattice Y (ZV dual to X contains the co-root lattice Q^ of R^ . 

The conditions (i) and (ii) imply that X and Y are VF-invariant. A key example 
is R the root system of type A„_i with V* = M" and X = 0J^^ Ze-,. 

Definition 2.1. The extended affine Weyl group associated to the above data is 
W"" = WkY. The affine Weyl group is the normal subgroup W K Q^ of W"" . 

We will identify W"" with the subgroup {wty\y,^w,yeY of the group of isometrics 
of V . The gradient map D : W"" -^ W is the surjective group homomorphism 
defined by D{wty) — w (w £ W, y £Y). 

Fix b E B. For w E W and y G Y we set 

{wtyY''\v) ~ iwtby)iv), VEVb. 
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This defines a left M^°-action on Vb- Observe tfiat w^^-* = w and w^*^-* = Dw for 
w S W"". Furthermore, 

where \b{v) := bv {v e Vb)- 

By transposition the M^°-action w i-^ w^''^ on Vb gives rise to left actions of 
W°- on Pb{V) ~ S{Vg) by S-algebra automorphisms. The subspace AffB(V^) of 
Pb{V) ~ S{V^) is W^"-invariant for all scaling factors b E B since 

(2.2) {wtby){^ + Al) = w{0 + (A - bay))l 

ioTweW,yeY,^eV^ and XeB. 

Definition 2.2. T/ie s-ufesei R'' = R + Zl of V* + Rl is i/ie Oj^ine root system 
associated to R. 



By (1221), 

{wty){a) = u)(a) + (m — a{y))l, a = a + ml £ i?" 

for w € W and y €z Y. By assumption the roots a G i? are contained in the lattice 
X, hence a{y) e Z for a £ R and y G I'. Thus i?" is VF^-invariant. 
By ((2A|) we have 



Sq = Satma'^ , fl = a + TTll € i?°. 

Consequently the afhne Weyl group W k Q^ is generated by the orthogonal reflec- 
tions Sa in the affine hyperplanes Va, where a runs over the set R"^ of affine roots. 
Note furthermore that wSaW^-^ = s^j^a and Dsa — soa for all a E R'^ and w e W^. 
We fix a basis F of i?. Denote R^ for the associated positive and negative roots, 
and 9 £ R for the highest root of R with respect to F. The basis F oi R extends to 
a basis F°- of i?"^ by adding the simple afHne root ao := —0 + 1 to F. The associated 
simple reflection Soq will be denoted by sq- The positive and negative affine roots 
are 7?"'+ = (i? + Z>o) U i?+ and i?" ~ = -i?°'+ respectively Define the length of 
w eW"- hy 

l{w) = #{R''^+nw-\R'''-)). 

The following proposition is well known. 

Proposition 2.3. Set n = {w & W \ l{w) = 0}. 

(i) O is an abelian subgroup ofW"', isomorphic to W"'/{W K Q^) — YjQ^ . 

(ii) a; G rj permutes the set F"" of simple roots. 

3. The trigonometric Cherednik algebra 

3.1. The algebra iJ£. Let L = C[c, k] be the polynomial algebra in the indeter- 
minates c and the ko, where O runs over the set of W^"-orbits in i?°. We write 
kfe = kw-ib) for be R°-, and ko = k^;,. 

Depending on the root system R and the lattice Y, we thus have one, two or 
three commuting indeterminates k^. Concretely, if R is not of type C„ {n > 1) 
then the l^°-orbits are of the form W^ (/3) with /3 running through a complete set of 
representatives of the W-orbits of R. The same is true for R of type C„ if 0{Y) = 7L. 
For R of type C„ (n > 1) and d{Y) = 2Z we have two (if n = 1) or three (if n > 2) 
M^°-orbits in i?°, namely Ty (ao) and the M^°(/?) with f3 € R representatives of the 
1^-orbits in R (cf. 3J). 
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Definition 3.1. [4] [5] The trigonometric Cherednik algebra (also known as the 
degenerate double affine Hecke algebra) is the associative unital L-algebra HI sat- 
isfying: 

(i) HI contains S(V£) and L[M^°] as subalgebras. 
(a) The multiplication map defines an isomorphism 

S{VI)<E,lL[W'']^HI 

of L-modules. 
(Hi) The cross relations 

(3.1) Sa-^-s(:\0-Sa = ~KaDa''), VaeFW^eV*. 

(iv) w • ^ = ^'■°H0 ■ CJ for uj e^ and ^ £ V* . 

Remark 3.2. The cross relations for a (^ F read 

Sa • C - Sa(0 • Sq = -ka$(a'^). 

For a = Go = —0 + I it becomes 

5o-C-(5e(O+ce(0'')l)-so-koe(e^). 

The existence of i?£ needs proof; it follows from an explicit realization of i/£ 
due to Cherednik |5J, in terms of Dunkl- Cherednik operators. For the sake of 
completeness we will recall it in the next subsection. 

In the remainder of this subsection we consider the trigonometric Cherednik 
algebra with specialized parameters. For c e C and for a M^°-invariant function 
k : R"" ^ C (called a multiplicity function), we write H°-{k, c) for the complex asso- 
ciative algebra obtained from i?£ by specializing c and k^ to c and ka, respectively. 
We call c € C the level of H'^{k,c). The sub-algebra H{k) of H°-{k,c) generated 
by S{V^) and 'C\W] is independent of c. It is the degenerate affine Hecke algebra 

ilEl!. 

By induction on l{w) we have 
{i.1) w^ = {w'^''\£,))-w- Y. kai{Da'')wSa, Vu;eI^^ VfeFc* 

in H°'{k,c), cf. [30l Prop. 1.1]. The cross relations in H°-{k,c) between the simple 
reflections Sa {a G F"^) and p G S{V^) can also be made explicit. For this we first 
introduce rescaled roots a^^^ {a — a + ml e i?°) by 

a(=) =a-|-cml e Aff(Fc). 

Observe that Sa = s^(a) . We also use the notation s^^ic) for the associated action 
on S{V^) ~ P{Vc) by algebra automorphisms. Observe that w^"^^ (a'-'^^) — {w{a))^'^^ 
for w e W"' and a S i?°. With these notations the cross relations p.ip in H°'{k, c) 
imply 

(3.3) sa-p- g,(e) (p) -sa^ka i '^'^'^f,) " ^ ) . V a £ F«, Vp G 5(Fc* ) . 

It follows from p.3p that the center of the degenerate affine Hecke algebra H{k) is 
the sub-algebra S{V^)^ of VF-invariant elements in the symmetric algebra S{V^) 
(see [21] for details). 

For c ^ we have H'^{k, c) ~ H°-{k/c, 1) as algebras, where k/c is the multiplicity 
that takes value ka/c at a e i?". The map H°-{k,c) -^ H°-{k/c,l) realizing the 
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algebra isomorphism is determined by ^ ^— > c^ and w t-^ w for ^ £ VJ^ and w G W^. 
The center of i/''(fc, c) is trivial if c ^ (cf. [21 Prop. 1.3.6] for R of type A). 

We denote H'^(k) := H'^{k,0) for the trigonometric Cherednik algebra at level 
0. Its center is studied in [28^ . In this paper we only need the simple observation 
that S{V^)^ is contained in the center of H''{k), in view of (|3?3)) . 

Remark 3.3. For the root system R of type A the spectrum of the center of H°'{k) 
is explicitly described in j^S]. It is called the trigonometric Calogero-Moser space. 

In analogy with terminology for afhne Lie algebras we call c — Q the critical level 
(cf. [SIE]). The trigonometric Cherednik algebra H'^{k) at critical level is the main 
object of study in this paper. 

3.2. The Cherednik representation. For completeness we recall in this subsec- 
tion the faithful representation of i7£ in terms of Dunkl-Cherednik operators. We 
start with two convenient lemmas for proving that some i[VF°]-module M and a 
suitable compatible family of i-linear operators on M give rise to a i?£-module 
structure on M . The second lemma will be used at a later stage with specialized 
parameters to construct a representation of the trigonometric Cherednik algebra 
H'^{k) at critical level. 

Lemma 3.4. Let M he a left L\W°'\-module and N C M a L-suhmodule which 
generates M as a LlW^j-module. Suppose furthermore that 

(i) Tj G EndL(M) is a family of linear operators depending linearly on ^ G V* . 
(ii) The cross relations 

SaT^ - T (c)(5) Sa = -ka^{Da'')ldM, a G F" , 

are satisfied as endomorphisms of M , where T^+xi •= T^ + Xld-M for S, G V* 
and A e L. 
(iii) The kernel of the commutator [T^, T^] contains N for all ^,ri G V* . 

Then the T^ (^ G V*) pair-wise commute as endomorphisms of M . Hence the 
W^-action on M , together with ^ i-^ T^, turns M into a H^-module. 

Proof. The lemma is a direct consequence of the identities 

(3.4) wm,T^]^[T^Dn.K,T^Dn.)n]w, Vu; G I¥^Ve, r; e l^* 

in EndL(A/). Formula (|3.4p is a consequence of properties (i) and (ii) only. In 
fact, it suffices to establish p.4p for w — Sa {a E F"-) and for w = a; G il, in which 
case it follows by straightforward computations from (i) and (ii) . D 

We have the following dual version of Lemma 13.41 



Lemma 3.5. Let M he a left L\W°'\-module. Let p : M ^ N be a L-linear map 
to some L-module N such that {0} is the only L[W'^]-suhmodule of M contained in 
the fcerneZ ker(p) of p. 

Suppose furthermore the existence of a family of L-linear operators T^ on M 
satisfying conditions (i) and (ii) of Lemma \3.4\ 

If the image of the commutator [T^,Tri] is contained in ker(p) for all S.,ri € V* , 
then the T^ (S, G V*) pair-wise commute as endomorphisms of M . In this situation 
the W^-action on M, together with ^ i—* T^, turns M into a Hf^-module. 

Proof. Analogous to the proof of Lemma 13.41 D 
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Lemma [33] can be used to verify that HI admits a realization in terms of Dunkl- 
Cherednik operators [5j. In the present set-up it involves some small adjustments 
since we do not require kg = kg. It relates to the extension to nonreduced root 
systems from j30) . 

We write the standard basis of the group algebra L\Y] as {e^jygy. The algebra 
structure is then governed by e^e^ = e^+^ and e" = 1. Interpreting L\Y] as 
the algebra of regular L-valued functions on V^/2ti\/—1X , the basis element e^ 
corresponds to the trigonometic function ^ i-^ e^^^-*. 

Definition 3.6. (cf. |28j ] The trigonometric Weyl algebra Al is the unique unital 
associative L-algebra satisfying 

(i) Al contains S{Vl^) and L\Y] as subalgehras. 
(ii) The multiplication map defines an isomorphism 

S{Vl) ®L L[Y] ^ Al 

of L-modules. 
(Hi) The cross relations 

K,e^]=ce(2/)e^ 
for all £_ eV* and y eY. 

The indeterminates k^ in Al are merely dummy parameters. We include them 
in the definition of Al to avoid ground ring extensions at later stages. 

The existence of Al is immediate, since it can be realized as the L-subalgebra 
of EndL(L[F]) generated by L[Y] (viewed as multiplication operators) and by cd^ 
(C e Fj? ), where d^ is the L-hnear derivation 9^e^ = ^{y)e'^ {y G Y) of L[Y]. 

With k and c specialized to a fixed multiplicity function k : R ~* C and a 
level 9^ c G C, the associated specialized complex algebra A{c) is the algebra of 
differential operators on the compact torus y/^^V* /2Tr^/^^X with regular coeffi- 
cients. For c = it is the algebra of regular functions on the cotangent bundle of 
^/—lV*/2TTy/—lX. It inherets the structure of a Poisson algebra from the semi- 
classical limit of A{c) as c — + 0. 

Let A}^ be the right localization of Al at 6 := Haefl+Cl ~ e^^" ). It is easy 

to check that A}^ is a ring containing Al- Denote L[Y]^^^ = A)^ ®Al M^]- 

The Weyl group W acts naturally by i-algebra automorphisms on Al and A}^ . 

We write A)^ 4I^W for the associated smashed product i-algebra. It is isomorphic 

to A^P ®L L[W] as i-modules. The localized ^^^^-module L[y]('^) is a faithful 

Aj^ 4I^W-\no(hi\e. We call it the basic representation oi Aj^ 4I^W . 

To give Cherednik's realization of iJ£ as L-subalgebra of Aj^ # IF it is convenient 
to use the following reparametrization of k. Define Iq, (a € R) by 

and set p(k) = \ J2aeR+ ^""^ ^ ^l- 

For ^ G V* we define the Dunkl-Cherednik operator [51 [3D] by 

(3.5) B,:=C+J2 ^("") hltlT^ ) (1 - 'o') - ^(P(k)) e A^P*W. 

ai£R+ \ ) 
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Under the basic representation of A}^ 4/=W it restricts to an operator on L[Y]. 

If 9{Y) = Z then oq G W^O, hence ko = kg and !„ = k^ for aU a e R. In this 
case 

D,. = e+ 5] k„eK)^-^(i-s„)-c(p(k)), 

which is the Dunkl-Cherednik operator associated to the reduced root system R 
(see "5"). If 6{Y) = 2Z then R is of type C„ for some n > 1. In this case D^ is the 
Dunkl-Cherednik operator associated to the nonreduced root system of type BC„ 
(see [30]). 

We now give Cherednik's weU known reahzation of HI as subalgebra of A)^ wW. 



It ensures that the L-algebra 7J£ , as defined in Definition 13.11 exists 



Theorem 3.7. [5j The assignments 




e^D^ 


^eV*, 


(3.6) w 1^ w, 


w eW, 


ty - e^ 


y&Y 



uniquely extend to an injective L-algebra homomorphism iJ£ -^ A)^ i^W . 

Proof. We sketch a proof based on Lemma [5^ Composing with the basic represen- 
tation oi Aj^ ^f'W we view the right hand sides of (|3.6p as elements in F,ndL{L[Y]). 
The verification that the assignments extend to an i-algebra homomorphism then 
reduces to the cross relations by Lemma [3.41 applied to the i[T/F'']-module L[Y], 
T^ — D^ (^ G V*) and N = Le^ . The cross relations can be verified by direct 
computations (cf. [31 ). Injectivity follows by a standard argument. D 

We write p(D) for the element in A]^ =f^W corresponding to p € S{V£). 

Specializing k to a multiplicity function fc : i? — > C and the level c to a noncritical 
value 7^ c e C, Thcorcm l3. 71 gives rise to the faithful Cherednik representation of 
H°'{k, c) on C[Y] in which ^ G V^" acts by the Dunkl-Cherednik operator 

D^ := cd^ + Y. e(a^) ri^l^'^ll" ) (1 - 5.) - C(p(fc)) e Endc(C[r]) 

(with the obvious meaning of la and p{k)). The corresponding differential-refiection 
operators p{D) restrict to endomorphisms of C[F]^ if p S S{V^y^ , in which case 
it acts as a differential operator. The resulting commuting differential operators 
{p{D)} p^S(V')^ on C[y]^ are, up to a gauge factor, the conserved quantum in- 
tegrals of the quantum trigonometric Calogero-Moser system associated to R (re- 
spectively the nonreduced root system of type BC„) if 9iY) — Z (respectively 
B{Y) = 2Z), see ^ and [H Part I §2.2]. Specialized at critical level c = 
the {p{D)}p£S{y)^ relate to the classical conserved integrals of the trigonometric 
Calogero-Moser system. 

At critical level c = various other representations of H°-{k) are known that 
involve Dunkl type operators, see e.g. [H O IS]. In [H |S] Dunkl operators with 
infinite refiection terms are used (it relates to quantum elliptic Calogero-Moser 
systems). In [S] representations of H°-{k) are considered that involve Dunkl type 
operators involving jumps over the affine root hyperplanes. It relates to quantum 
integrable Calogero-Moser type systems with delta function potentials. In Section 
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S] we generalize the latter representations. It allows us to include quantum spin- 
particle systems with delta function potentials in the present framework. In these 
cases the action of the commutative subgroup Y of W"" is by translations. This is 
a key difference to Theorem 13.71 where Y acts by multiplication operators. 



3.3. Intertwiners. The algebra H'^{k,c) gives rise to a large supply of nontriv- 
ial T^°-cocycles. The construction uses the normalized intertwiners associated to 
H°-{k,c). 

Let H°'(k,c)ioc be the localized trigonometric Cherednik algebra obtained by 
right-adjoining the inverses of a^'^' + fca to H'^{k, c) for all a e i?". Denote H°'{k, c)^^^ 
for the group of units in H°'{k, cjioc- 

Proposition 3.8. J5] There exists a unique group homomorphism W"" — > H°'{k, c)f^^, 
denoted by w i-^ ^w'^j satisfying 

I":^: = {sa ■ a(^) + ka) ■ (a(^) - ka)-\ o G F" , 



it''' = ^, uji^Vl. 



Furthermore, 



Itr-P = w^^Hp) ■ It^- \fw e W\\/p e S{V^) 

in H'^(k,c)ioc- 

The /^'^ {w € W"") are called the normalized intertwiners associated to H'^{k, c). 
Observe that the I^''^ ioi w &W are independent of the level c. 

Consider the set Sk,c consisting of t £ Vc satisfying a'^'^^t) ^ ka for all a £ R°'. 
Note that Sk,c is invariant for the action t i-^ w^'^\t) of W^ on Vc- For t G Sk,c 
consider the character 

Xt-S{Vc)ioc^C, p^->p{t), 

where S{V^)ioc is the localized algebra obtained by adjoining the inverses of a'^ + ka 
to S{y^)ioc for all a G R"^ (which canonically is a sub-algebra of H°-{k,c)ioc)- The 
map w 1-^ w^^^l for w € W"" gives a vector space identification between the group 
algebra C[VK°] and the principal i/" (/c, c)/oc-inodule M(t) := liidg^yj^''''"'{xt)- For 
w £ W"" and t £ Sk,c denote I^'^it) for the element in the group algebra C[M^"] 
associated to /^-^ ®^^ 1 £ M{\). In other words, I^''^{t) = Ylvi^w^P^i^)^ ^^ ^^^ 
normalized intertwiner /^'^ expands as /^■'^ = X^^ew" ^ ' Pv {P^ ^ S{V^)ioc) in 
H°-{k,c)ioc- The I^''^{t) satisfy (and are uniquely characterized by) 

jfex/^N ^ a^''\t)sa+ka 



(3.7) jk,ci 



a(-Ht)-ka ' 

for a £ F"-, uj £ fl and a,T £ W. 

Remark 3.9. The cocycle {l!^''^{t)}w^w^ gives rise to unitary solutions of generalized 
Yang-Baxter equations with spectral parameters (see [3] for the general theory) 
and plays a key role in the description of the Bethe ansatz equations associated 
to quantum spin-particle systems with delta function interactions. For the latter 
application one is forced to consider the cocycle at critical level c = 0. The basic 
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example is for R of type An-i and X — ^j^i Zfij, in which case we have discussed 
these observations in detail in the introduction. One of the main goals in the present 
paper is to give similar interpretations of the cocycle {l!^'^{t)}^^\Ya for arbitrary 
affine Weyl groups W"". 

Denote 

where x : C[M^°] -^ C is the algebra homomorphism mapping w to 1 for all w G W^. 
By induction on the length l{w) of w € W"" we have 

(^■«' 't:=(.)^ n ^S|^. ■"^»-- 

In particular, 

which is independent of c. At critical level c = we write /^(t) = I^^{t) and 
ifc (t) = i^'O(t). We furthermore set I^[t) = //^(t) and i^(t) = i'i^{t) for y G F. Let 
ClW"]"^ be the group of units in C[W^"]. 

Proposition 3.10. Let t ^ Sk '■— Sk,o- 
(i) T/ie map 

defines a group homomorphism Y — )■ C[Ty]^. 
(ii) Suppose that 0{Y) — TL. Then 



(3.9) ^\{t)= n 



Q6-R+ 



/or 2/ e F. 

(iii) Suppose that e{Y) = 2Z. Then 



0(v) , ^ iM. 



/ory e Y. 

Proof, (i). This follows from the cocycle property of /^(i) (the last identity of 
p.7p ) since translations tj, (y G F) act trivially under the action w \^ w'^^^ — Dw 
oiW" onFc- 
(ii) & (iii)- For j/ e F we have 

i?"'+ n tf/R"^- = {a + ml I a e i?, B(a) < to < B(a) + a{y)} 

where B{a) = 1 if a G -R^ and = if a G R^ . Using the convention that 
Y\^=i Cr = ^ 'lil > rn we can thus write 

(3.11) ^^,{t)= TT TT " V :"+"-^ TT " vr°^'"' - 

If 6'(F) = Z then /ca = koa for all a G i?" and ([3Tl|l reduces to ([3J| . 
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If 0{Y) = 2Z then ka = koa for a e R" with Da ^ W9. Furthermore, for 
a € W9 we have fcQ+(2m)i — ke and fca+(2m+i)i = ^o for to G Z. Formula ()3.11|) 
then becomes (|3.10p after straightforward computations. D 

4. Representations of the trigonometric Cherednik algebra at 

CRITICAL level 

We fix an Ty-invariant multiplicity function fc : i?° ^ C throughout this section. 

4.1. The algebra A{k). In the next subsection we give the representation of the 
trigonometric Cherednik algebra H°'{k) at critical level in terms of vector- valued 
Dunkl-type operators. To avoid the use of twisted afhne root systems it is conve- 
nient to work with an adjusted presentation of iJ'^(fc), which we give now first. 

Definition 4.1. Let A(k) be the unital associative algebra over C satisfying: 

(i) A{k) contains 5'(Vc) and C[VK"] as subalgebras. 
(ii) The multiplication map defines an isomorphism 

S{Vc) ®c ^[W] -> A{k). 
(Hi) The cross relations 

Sa- V - SDaiv) ■ Sa = -kaDa{v), V fl G F° 

for all V Cz Vc- 
(iv) Lu ■ V — {Dlu){v) ■ Lo for lu £ CI and u G Vc. 

The cross relations (Hi) may be replaced by 

(4.1) Sa-p~SDa{p)-Sa^kaADa{p) V fl G F", Vp G 5(Fc), 

where the divided difference operator A^ : S{Vc) -^ S{Vc) {a G R) is given by 

Aa p) = u — : p e S{Vc). 

Induction to the length of u) G W^ also proves the commutation relations 

{A.2) w ■ V ^ {{Dw)v) ■ w - Y^ ka{Da){v)wSa yweWyveV 

in A{k) (cf. (|3.2p ). The algebra A{k) is the trigonometric Cherednik algebra at 
critical level, as follows from the following lemma. 

Lemma 4.2. Let k^ be the multiplicity function fc^ = 2ka/{Da,Da) (a G R""). 
The assignments v i~* (w, •) G ^c '^''^'^ w t—^ w for w G Vc o,iT-d w G W"' uniquely 
extend to a unital algebra isomorphism A(fc^) -^ L['^(k). 

Proof. Straightforward check. D 

It is convenient to alter the notations for the cocycles L^{t) G C[PF°] {w G W"") 
accordingly. It results in the following definitions and formulas. 

Let Cfc C V^ be the W-invariant set of vectors A G V^ satisfying X{Da^) ^ k^ 
for all a G i?". For A G Cfc there exists unique J^^{X) G C[W^°] {w G W"-) satisfying 

jk ..^ _ KDa''>a + kg 

J^(A)=c^, ujen, 
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Denoting j,^(A) = x(J^(A)) [w G W^) and j^{X) = j,';(A) (zj G Y), we have 

ae-R+nu)-ifl- ^ ' 

and 

(4.4) 

., yr / A(a^) + fc. \"fa^ -pr / A(/3V ) + fc, A ^ / A(/3V) + fcp ' — 

a^we pewe 

for y E Y. If 0(y) = Z then the latter formula simplifies to 

4.2. The Dunkl type operators. For a complex associative algebra A we write 
Modyi for the category of complex left ^-modules. The category Modc[vi/a] is a 
tensor category with unit object the trivial VF^-module, which we denote by I. 
In this subsection we define an explicit functor i^Jj, : Modc[vi/"] ~* Mod^^j.) using 
vector valued Dunkl type operators (the subindex "dr" stands for "differential- 
reflection"). It extends results from the paper ^, in which the j4(fc)-module Fll^{l) 
was constructed. The Dunkl type differential-reflection operators will have the 
special feature that at the chamber w~^C+ {w G W"') the number of occuring re- 
flection terms is equal to the "distance" l(w) oiw~^C+ to the fundamental chamber 
C+. Special cases and other examples of such differential-reflection operators were 
considered in [H [m [20l [H [9] . 

Recall that Va = a~^{0) is the affine root hyperplane of the affine root a € R"" . 
Denote Vreg = ^ \ ^aeR'^-+ ^a for the set of regular elements in V. It is well known 
that 

Vreg = |J wiC+) 

weWtKQ'^ 
(disjoint union), with C+ C Vreg given by 

C+ = {veV\a{v)>0 VaeF"}. 

Furthermore, the subgroup 57 of length zero elements in W^ permutes F"', hence 
it acts on the fundamental domain C+. In particular, W^ permutes the connected 
components C = {w{C+) \w G W k Q^} of Vreg- We call C G C a chamber, and 
C_|_ the fundamental chamber. 

Denote C'^{V) be the space of complex- valued, real analytic functions on V. 
For a complex left VF"-module M we now define a suitable space of Af-valued 
functions on V which are real analytic on Vreg , but which are "fuzzy" on the affine 
root hyperplanes, in the sense that we do not specify its values on the affine root 
hyperplanes (cf. Remark l4.4lf ii)). 

Definition 4.3. Let M be a complex left W°- -module. We write B^^ly^M) for 
the complex vector space of functions f : Vreg ~* M satisfying, for all C G C, 
f\c = fc\c for some fc G C^{V) ®c M (algebraic tensor product). 
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Remark 4.4. (i) The map / i-^ ifc)cec defines a complex linear isomorphism 

B'^{V;M) -^ Hceci^'^i^) '^ *^)- We wiU use this identification without further 

reference. 

(ii) A function / e B'^{V; M) can be interpreted as a multi M-valued function on 

V by defining 

fiv) = {fciv)}cec:vec 
for any v E V, where C is the closure of the chamber C in the Euclidean space V. 

The space B'^{V; M) is a W^^-module by 

{wf){v)^w{!{w"\v))), weW\ feB^iV;M), veVreg. 

We denote the action by a dot to avoid confusion with the iy"-action on M. Viewing 
the /c's as Af- valued functions on V, the action can be expressed as {w ■ f)c{v) = 
w{f^-ic{w^^v)) for w € W"", C gC and v £V. Alternatively it can be expressed 
as {w ■ f)c — {w ® uj)f^-ic, viewed as identity in C"^(F) (^c M. Here we use the 
natural W"-action on C"(F), given by {wg){v) := g{w^'^v) for g G C^iV), w e W 
and V &V. 

Let T : R^ -^ {0, 1} be the indicator function of ]R<o and write Ta{v) :— T{a{v)) 
for a e i?''^+ and v G Vreg- Then 

10 if wa e it '^. 

In particular, for w G W^ we have Ia|to-ic+ — 1 only if a is a positive affine root 
from the finite set R""^ n w~^R°''^ . This ensures that the Dunkl type operator 

(4.5) vy'f^d^J- Y. ka{Da){v)Ja{-)isa-f), feB-{V;M) 

for V ^ V defines a well defined linear operator on B'^{V; M), where 



id.f)iv') = I 



fiv' + tv) 



for v' G Vreg IS the directional derivative of / in the direction v G V. Indeed, on 
a fixed chamber w~^C+ G C {w G W"") the formula (|4.5p for the Dunkl operator 
gives 

(4.6) (I?^^VU-ic+ = 5,/»-ic+ - E Aa(i?a)(t>)(sa®Sa)/,„^-ic+ 

as identity in C"(F) (8)c M. 

Theorem 4.5. Lef M be a W^ -module and k an W"' -invariant multiplicity function 
on i?". The assignments 

v^Vy^, V&V, 

w 1-^ W-, w € W"" 

uniquely extend to an algebra homomorphism TTk,M '■ A{k) -^ Endc(i?'^(V^; Af )). 

Proof. We apply Lemma 13.51 fwith adjusted notations and specialized parameters) 
to i?"(F; Af), considered as W^"-module by the dot-action. 

A direct computation (compare with [HI Thm. 4.1]) shows that the 2?^'*^ {v £ 
V) satisfy the A{k) type cross relations with respect to the dot-action of W^ on 
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B'^{V;M). It thus remains to construct an appropriate complex vector space N 
and a linear map p : B'^{V; M) -^ N satisfying the conditions of Lemma [3.51 We 
take N = C'^{V) ®c M and p the linear map p{{fc)c£c) = fc+- Clearly the only 
ly-submodule of B'^(V;M) that is contained in ker(p) is {0}. Furthermore, 

piV^'^'f) = 9.p(/), V/ e B'^iV;M) 

by (|4.6p , hence the image of [I?^''^^,I?^; ] is contained in ker{p). Thus Lemma [331 
can be applied. It yields the desired result. D 

Remark 4.6. (i) The theorem reduces to [9, Thm. 4.2] when Y = Q^ , fcp = ke and 

M = l. 

(ii) The representation iik,! is faithful, compare with (the proof of) 9, Thm. 4.2]. 

Corollary 4.7. (i) The assignment M k^- B{V] M) defines a covariant functor 
F^^ : Modc[H'ti] -^ ModA(k) (with the obvious definition on morphisms) . 
(ii) For p e 5'(Vc)^ we have TTk.Mip) — p{d) ® Mm, where p{d) is the constant- 
coefficient differential operator associated to p. 

Proof, (i) Clear. 

(ii) This is analogous to the proof of [9, Cor. 4.6]. D 

4.3. Integral-reflection operators. In this subsection we define another explicit 
functor Fj^ : Modciw'"] — > Mod^(fc) using integral-reflection operators [161 US] (the 
subindex "ir" stands for "integral-reflection"). It again extends results from the 
paper [3], in which the ^(A;)-module F^^(I) was constructed. 

Let M be a complex left W'-module. The hnear dual M* = Homc(M;C) is 
a left VF"-module by {w^p){m) = ip{w~^m) for w € W"', ip G M* and m G M. 
Consider the ^(A;)-module Indu,r^^;;;„|(M*). As complex vector spaces, we have 

Ind^f,^l](M*)~5(Fc)®cM*. 

Expressing the action through the linear isomorphism we get the following explicit 
A(fc)-action on S{Vc) <»c M* , 

Sa(p«)'0) = SDa{p) <» Saij + kaAoaip) <» i', a & F" , 

(4.7) u}{p®il))^{Duj){p)(^ujil}, ueQ., 

r{j) (Ki i/") = {rp) (g) -0, re S{Vc) 

for p G S{Vc) and ip G M* . We now endow the linear dual {S{Vc)®M*)* with the 
structure of left A(fc)-niodule using the following simple lemma. 

Lemma 4.8. For a complex left A{k)-module N , the linear dual N* is a left A{k)- 
module by 

{Xi)){n)^i>{X'^n), i; e N*,X e A{k),ne N, 

where X h^ X^ is the unique unital complex linear anti-algebra involution of A{k) 
satisfying w'^ — w~^ (w G W"") and v'^ = v (v e V). 

Next we rewrite the yl(fc)-action on a suitable subspace of {S{V*) ^c M*) in 
terms of integral-reflection operators. 

For a G R"' we define the integral operator I{a) on C'^{V) by 

(4.8) {I{a)f){v) = r ^ f{v - tDa'')dt, f G C"(F), v G V. 
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With respect to the natural action {wf){v) = f{w^^{v)) of w e W°- on / e C"(y) 
the integral operators satisfy 

(4.9) w/(a)w-i =/(w(a)), Vw G T4^°, Va e i?°. 

The integral operators /(a) are adjoint to the divided difference operator — A^ 
(a G R) in the following sense. 

Lemma 4.9. _14j Let (•,•) : S{Vc) x C'^{V) ^ C be the non- degenerate complex 
bilinear form defined by 

(p,/)-(p(a)/)(0), peSiVc)JeC-iV). 

Then 

(A„(p),/)=-(p,/(a)/) 

foraeR,pe S{Vc) and f e C"(y). 

We obtain the following immediate consequence. 

Corollary 4.10. Let M be a left W^-module. Consider C'^{V) (E)c M as linear 
subspace of (5(Vc) (^c -^*) by interpreting f ® m ^ C^ {V) ®c M as the linear 
functional 

P'^il't^ {pj)^/j{m), pe S{Vc),'ipeM*. 

Then C"(F) (g)c M is a A{k)-submodule of {SiVc) ®c M*)* . The corresponding 
left A{k) -action on C^^V) ^c M is explicitly given by 

r^r{d)(^ldM, r £ S{Vc), 

Sa ^ SDa ® Sa- kaI{Da) (g) Mm, a£ F"-, 

Lu I— > Dlo (g) w, lo £ fl. 

Proof. Chasing the actions, the proof easily reduces to Lemma l¥!^ and the obvious 
identities 

{rpj)^{p,r{d)f), reS{Vc), 

{w{p),f)^{p,w-\f)), weW 

iorpeS{Vc)andfeC'^{V). D 

Note that the action of W"' on the first tensor leg C"{V) of the A(fc)-module 
C"(y) ^c M is the pull-back action of W under the gradient map D (the commu- 
tative subgroup Y of W"' acts trivially). We now upgrade it to the standard action 
of M^-^ onC^iV). 

Theorem 4.11. Let M be a complex left W"' -module and k a multiplicity function 
on _R°. The assignments 

V 1-^ dv <^ Mm, V eV, 

Sa 1-^ Sa (8) Sa - fca/(a) (g)IdM, a G F" , 

iO ^—^ LO (>^ U , iO Cz Q 

uniquely extend to an algebra homomorphism Qk,M • ^{k) — > F,ndc(C'^ {V) (E)c M) . 

Proof. Denote Q : A{k) -^ Endc(C"^(V^) <8)c M) for the representation map asso- 
ciated to the A(fc)-action of Corollary 14. 101 Since the explicit assignment Qk,M in 
the statement of the theorem satisfies Qk,M{v) — Q{v) and Qk,M{sa) — Q{sa) for 
V G V and a G i^, it remains to verify the following identities. 
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(i) QkMso? = Id. 
(a) If (saSo)™ = 1 in W"" for some a G F and to G N, then 

{QkM{sa)QkM{so))"^ = Id. 

(in) QkM{'^)Qk,M{sa) = Qfc,j\/(sc^(Q))(3fc.M('^) for a G F"" and tj G fi. 
('wj The cross relations 

Qk,M{so){dv ® Mm) - {dse{v) ® IdAf)Qfe,Af (sq) = koe{v) 

for u G F. 
H QkM{^){dv ® IdAf) = (9i5^^(t,) «! lAM)QkM{^) for tJ G fi and w G F. 
The identities (i)-(iii) show that Qk.M defines a W^^-action on C"(F) (g)c M. The 
identities (iv) and (^wj ensure that also all the necessary cross relations are satis- 
fied in order for Qk,M to extend to an algebra homomorphism Qk,M '■ A{k) -^ 
Endc{C'^{V)(»cM). 

The proofs of (i)-(v) are much facilitated by the simple observation that 

(4.10) Qk,M{so) = (t„ «)IdA/)Q(so)(t;;i «)IdM) 

for any u&V such that 6{u) = 1 (in which case tu{-9) = -9+1 = qq). By ()4.10|) 
and Corollary 14.101 the identities (i), (iv) and (v) are immediate. For the braid 
relation (ii), observe that (s^so)'" = 1 in W^ for some a G F and to G N implies 
that a is not a scalar multiple of 6* in T^* . Hence there exists a vector u ^ V such 
that a{u) = and 6{u) = 1. In this case we have, besides (|4.10p . 

QkM(Sa) = {tu ® IdAf )Q(Sa)(t~^ ® IdA/). 

Hence {Qk,M{sa)Qk,M{soj) — Id follows by conjugating the corresponding valid 
identity for Q by (i„ ® Wat). 

The identities (Hi) can be checked by a direct computation. D 

Remark 4.12. (i) For fco = fee, F = Q^ and M = I, Theorem |4TT] reduces to O 
Thm. 5.2]. 

(ii) The assignment M ^^ C^ {V)®cM defines a covariant functor F* : Modc[i4/°] ~^ 
Mod^(j,) (with the obvious definition on morphisms). 

Let Forg : yiodA{k) -^ Modc[vi/a] be the forgetful functor. In the following 
proposition we compare the space F^^{M)^°' of iy°-invariants of the VF"-module 
Forg'' (F^^(M)) with the space (Fj^(I)ig)M) of ly -invariants of the tensor prod- 
uct W^'^-module Forg''(Ff^(I)) ® M: 

Proposition 4.13. Let M be a left W -module. Then 

Proof. It is convenient to set out some notations first. We denote ttm for the 
representation map of M. The space C"^(y) will be considered with respect to two 
different left ly-actions. The first is the regular ly-action 

(4.11) {L(w)g){v) = 9{w-'^v), g G C^iV), v e V, weW". 

The resulting ly -module will still be denoted by C'^{V). The other ly -action is 
Qfejiw", in which case we denote the V7"-module by Forg'°(Fj^(I)). We omit the 
forgetful functor from the notations from now on. 
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Observe that both W^-uiodu\es F^^{M) and F^^{l)<E)M have the same underlying 
vector space C"^(F) ®c M . Their subspaces of fJ-invariants coincide triviaUy. 

Fix a & F"-. For a left VF^-module iV we write N+ (respectively iV_) for the 
space of Sa-invariants (respectively Sa-antiinvariants) in N . It suffices to show that 

(4.12) Ft{M)+^{Ft{l)®M)^. 

By Theorem 14 . 1 1 1 we have 

Qk.Ali^a) = Qk.l{Sa) <8) TTAf (Sa) + i?Af (Sa) 

with i?Af (sq) — kal{a) ® {■KM{sa) — IdAf)- We claim that 

RM{Sa){(Ft{l)®M) + )^{0}, 

RM{sa){{Ft{l) ® M)J) C (^^^(I) ® M)+. 

To prove (|4.13p . we first note that 

/(a)(C-(T/)_) = {0}, /(a)(C-(F)+) C C-(F)_, 

see, e.g., [9l Lemma 3.4] for the first part. This lifts to the (anti)invariants with 
respect to the fc-dependent actions, 

I{a){Ft{l).) = {0}, I{a){Ft{l)+) C ^^,(I)_, 

since Qk,i{sa)g — ±5 implies kal{a)g — {L{sa) T Id)^. This in turn implies (|4.13p . 
We are now ready to prove (|4.12p . The inclusion D of (|4.12|) is an immediate 
consequence of (|4.13p . For the converse inclusion we take / € Fj^(M)+ and write 
/ = /+ + /_ with /± e {Fl{l) (g>M)^. By Km we have 

/ - QkMiSa)f = (/+ + RAliSa)!-) - f- 

hence f+ = f+ + RM{sa)f- and /_ = — /-, again by (|4.13|) . We conclude that 
/_=Oand/ = /+e(j^^,(I)®M) + . ' ■ D 

4.4. The propagation transformation. Let M be a left Ty-module. The W^- 
action on C"^(F) ^c M in terms of integral-refiection operators fTheorem l4.11[) can 
be used to propagate a plane wave attached to the fundamental chamber C+ to a 
common cigenfunction of the Dunkl operators P^'*^ [v £ V). This idea goes back 
to Gutkin and Sutherland [HI [13] and was further explored in [9l §5] for M = 1. 
In the present set-up it will give rise to a natural transformation T^ : F^^ — > F^^ 
between the two functors F^^.F^^ : Modcyw^] -^ Mod^(fc) (see Remark HTTSKii) and 
Corollary [4J](i)). 

We now first define T^'^^ for a given Ty-module M as a complex linear map. 

Lemma 4.14. Let M be a left W"" -module. There exists a unique linear map 

satisfying [T'^^"^ f) ^ = f and T^'^'\Qk,M{w)f) = w ■ (T*^^*^/) for all weW. 
Proof. The required properties of T^^'^'^ can equivalently be formulated as 

(r'=^^'V)«,-ic+ = {^'^ ® w-^){QkMw)I) v«; e W 

in C^iy) 0c ^ ■ The existence and uniqueness are now immediate. D 
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k,M 



By construction the T ' defines a natural transformation 

rpk 

dr 



T^ : Forg*^ o i^^; -~> Forg'^ o F^ 



We call T^ the propagation transformation. 
Proposition 4.15. T^ definet 
Proof. It suffices to show that 



Proposition 4.15. T^ defines a natural transformation T^ : F^^ — > Fjj,. 



for all ti G y. This follows from (|4.2p by a direct computation. D 

For M a W^°-module the corresponding morphism T*^-*^ : F^^{M) -^ F^ri-^) 
in Mod^(fc) is a monomorphism. We denote its image by C"''^(T^;M) and write 
F^j,' : Modc[^va] —f Mod^(fe) for the associated functor. On objects it is given by 
Fdr (^^) = C'^ '^ {y ', M) . The propagation transformation T''" defines an equivalence 
T'' : Fl; -^ F^;'' between the two functors F^^,F^;'' : Modc[Ty-] ^ ModA(fc). 

We now characterize C^^'' (V; M) as subspace of B'^ [V; M) in terms of derivative 
jump conditions over affine root hyperplanes. 

For a chamber C = wC+ {w g W"-) we write i?^ = {wa \ a G F"}. The Vf, n C 
(6 G R^) are the walls of the chamber C . In particular, if 6 G i?^ then C and Sf,C 
are adjacent chambers with common wall Vf, n C, and Db^ is a vector normal to 
Vb n C which points towards C . 

Proposition 4.16. Let M he a W^-module. Then C^-^lV^M) is the space of 
functions f G B'^{V;M) satisfying 'i C eC,ybeR^,yveVbnC, 

(4.14) {p{d)fc){v) - {p{d)fs,c){v) = hs,[{{ADbP){d)fc){v)] 

for all p G S{Vc). Here we use the Sb-action on M in the right hand side of (j4.14p . 

Proof. The proof is essentially the same as the proof of [9l Thm. 5.3], which deals 
with the case that Y = Q^, ko = kg and M = I. We thus only give a sketch of the 
proof in the present set-up. 

We call a vector v £ V subregular if it lies on exactly one affine root hyper- 
plane Va (a G i?"'"*"). The Qfc^M-image of the cross relations (|4.ip imply that 
f € C'^'''{V;M) satisfies the jump conditions (|4.14p for subregular u G Vb n C. By 
continuity it then holds for all v E VbD C. 

Suppose on the other hand that / G B'^{V;M) satisfies the jump conditions 
()4.14|) for all p G <S'(Vc). For p — 1 the jump conditions ()4.14p are an elaborate way 
of saying that / is a continuous M-valued function on V (cf. Remark l4.4l( ii)\ The 
jump conditions (j4.14p also imply that / satisfies normal derivative jump conditions 
of all orders over the walls (see Remark 14. ISp . Since the /c's are real analytic it 
follows that / is uniquely determined by its restriction to the fundamental chamber 
C+. Hence T^'^{fc+) = / G C^'^iV- M). D 

Corollary 4.17. // / G C"^''=(V; Af) then VC G C, V6 G i?^, Vw G H n C, 

{p{d)fc){v) = {p{d)fs,c){v) 
for all p = E™>o(^^'')'>" e S{Vc) with p„ G S{VDb)c- 
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Remark 4.18. (i) In the right hand side of the jump conditions (|4.14|) we may 
replace fc by fs^c (or by ^(/c + fs^cYh 

(ii) Take C G C, b G R'^ and v GVbCiC. Recall that the vector Db'^ is normal to 
the wall VbHC of C and points towards the chamber C. Then (|4.14p for p = {Db'^Y 
(r G N) become the following rth order normal derivative jump condition of / over 
the wall Vfc n C at w, 

(4.15) {dhb^fc){v) - {dU^fs,c){v) = {{-ly l)hsbWDblfc){v)]. 
For r = 1 it reduces to 

(4.16) {dDb^Ic){v) - [dDb- fs,c)iv) = ~2hsb{fciv)). 

Continuity and the higher order normal derivative jump conditions ()4.15p suffice to 
characterize C'^{V; M) as subspace of B'^{V] M), see the proof of Proposition l4.16l 

4.5. Relation to quantum many body problems. We fix in this subsection a 
left T4^°-module M. By Corollarv l4.7l (ii) the constant coefficient differential opera- 
tors TTk,M{p) = P{9) (p e S{Vc)^) act on C"''=(F; M). They can be interpreted as 
quantum conserved integrals of a quantum system with delta function potentials 
as follows. 

Write C{V; M) for the space of continuous M-valued functions on V: it consists 
of functions / : V^ — > M such that for &\\ v GV there exists an open neighborhood 
U oi V inV such that f\u e C{U) (g)c M. Note that C"^'''{V;M) C C{V]M). 
Denote C^{V) for the smooth, compactly supported, complex valued functions on 
V. Write dv for the Euclidean volume measure on V. We also write dv for the 
induced volume measure on the affine root hyperplanes Vf, (5 G R°"'^). We have a 
linear embedding l : C{V; M) -^ Homc(C;?°(y); M) defined by 

(4.17) {Lf){4>) ~ f .f{v)<j>{v)dv, f G C(V;M), G C^iy). 

Jv 

This allows us to view ■Kk,M{p)f for / G CB"(y; M) := C{V; M) n B'^{V] M) and 
for p G S{Vc) as the M-valued distribution i{T^k,M{p)I)- We occasionally omit l if 
it is clear that the weak interpretation is meant. 

Denote || • || for the norm on the Euclidean space V . We write 

(4-18) < = -^-Ef^'5W-))^^ 

for the linear map Hf : C{V]M) -^ Homc(C;?°(F);M) defined by 

(Hf/)(0) =- / f{v){A<j^){v)dv-Y, -|- / Sb{f{v))<j^{v)dv 
Jv jg^„ \Wb II Jv, 

for / G C{V] M) and </> G C^{V), where Sb only acts on M. 

We also write || • || for the norm of the Euclidean space V* and interpret the W- 
invariant polynomial || • ||^ on V* as element in ^(Vc:)^ in the usual way. Observe 
that ||9|p is the Laplacean A on V. Note furthermore that TT/j^Mdl • IP) = A 
by Corollarv l4.7l (iiV The following result directly implies a reformulation of the 
spectral problem for H.^^ as a boundary value problem (cf. Subsection 15. ip . 

Proposition 4.19. Let M he a left W-module and f G CB"(F; Af). Then 

-i(A/) = Wf / 
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if and only if f satisfies the derivative jump conditions ()4.14|) for p e ^(Vc) of 
degree one. 

Proof Let (/> e C^iV) and / e CB'^{V;M). Then 

6(A/)(0)-^ f {Af){v)^{v)dv 

(only finitely many terms contribute to the sum). Green's identity allows us to 
rewrite the right hand side as 

f{v){Acj,)iv)dv + Y, f {{dn-fc^r.){v) " (d^^ fc'Jiv)) <f>iv)dv. 

Here the sum runs over all the walls L, n^ e 1/ is a unit normal vector to L and 
CnL (respectively C" £, ) is the chamber with wall L such that n^ is pointing away 
(respectively towards) the chamber. 

On the other hand, if / G CB'^{V\M) satisfies the jump conditions (|4.14p for 
p e S{Vc) of degree one iflF, for a given wall L = Vb n C (C G C, 5 e i?^), 

(dn^fc^Jiv) - [dni^fc'^Jiv] = JJ^r'^bifiv)) 

for V £ L — VbO C (see (j4.16p ). The result follows now directly. D 

It is natural to consider Ti.^^ as the quantum Hamiltonian of a quantum physical 
system. Particular cases of these quantum systems have been extensively studied, 
see, e.g., [UlSllIlilSiinillillSlIiaiSZlIlZlIS], to name just a few. Most 
studies in the literature deal with the root system R of type A, in which case the 
quantum system describes one dimensional quantum spin-particles with pair-wise 
delta function interactions. The assumption fca < (respectively ka > 0) then 
corresponds to repulsive (respectively attractive) delta function interactions. For 
root systems R of classical type the quantum system relates to one dimensional 
quantum spin-particles with pair-wise delta function interactions and boundary 
reflection terms. 

5. Spectral theory of the quantum many body problem 

Let TV be a left ^(fc)-module and X £ V^- Recall that S(yc)^ is part of the 
center of A{k). We denote N\ C N for the y4(fc)-submodule 

Nx = {neN \p-n = p{X)n ypeSiVc)^}. 

We call N\ the A(A:)-submodule of N with central character A. In this section we 
study the A(fc)-submodule F^^{M)x -^ F2^{M)x. 

5.1. The spectral problem. For A G 1^ we write 

(5.1) E{\) = {f£C-{V)\p{d)f^p{\)f ypeSiVc)"^}. 

Viewed as ll/'-module with the natural H^-action (cf. (|4.1ip ). E{X) is isomorphic 
to the regular I^-representation, see [31]. If A(a^) ^ for all a e i? then E{X) = 
®w£W Ce'"^ with e^ the complex plane wave v i-^ c**^"). 

We fix a left Vl^°-module M. The subalgebra S{Vc) C A{k) acts by constant 
coefficient differential operators on the A(A:)-module F^^{M), hence 

F^^.{M)x = E{X)®cM 
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as vector spaces. Consider now the A(fc)-modules F"^^ {M)\ C F^^{M)\. By 
Corollary HIlKii), 

Fl{M)^ = {/ e s-(y; M) I fc e e{\) (g>cM yceC} 

as vector spaces. In subsection 14 . 41 we characterized F^^ (M) as vector subspace of 
F^^{M) in terms of derivative jump conditions of arbitrary order over the affine root 
hyperplanes. Restricted to the submodules of central character A, the derivative 
jump conditions of order < 1 suffice: 

Proposition 5.1. Suppose f G Pdri-^)>' satisfies the derivative jump conditions 
(I4l4)l for p e S{Vc) of degree < 1. Then f e F^;''{M)x. 

Proof Choose / e F^^{M)x satisfying (liUll for p e 5'(Vc) of degree < 1. Then 

i^:=T'^^''{fc^)~feFl{M)x 

also satisfies (|4.14p for p e 5'(Vc) of degree < 1, and ^'0+ = 0. It suffices to show 
that -ip ~ Q. Recall that the neighboring chambers of a given chamber C ^ C are 
given by ShC {b € Re)- To prove that ip = it suffices to show that tpc = implies 
V^a.c = (5 e R^c)- 

Choose a chamber C £ C such that tpc = and choose an affine root b E Rq. 
Write Lb for the set of subregular vectors v on the wall Vb n C. The subset U — 
CUsbCULb of V is open and pathwise connected. Since tp satisfies (I4.14p for p = 1 
we have that tplu g C{U) (X) M. We choose an arbitrary linear functional x G ^I* 
and write '^ = xWu) G CiU)- It sufhccs to show that v]/ = 0. 

We have ^|cuLi, = by assumption. On the other hand, ^Is^cuLb is the restric- 
tion to SbCULb of some g e E{X), since -0 € F^ti^-^)^- I^ particular, A* = l|A|P* 
on C U SbC. Since tp satisfies the jump conditions (|4.14p for p of degree one, all 
directional derivatives of ^ at the v £ Lb vanish. Hence ^P is a weak eigenfunction 
of A on U with eigenvalue ||A||^. This forces ^I^ to be smooth on U. Consequently g 
is zero in an open neighborhood of v £ Lb- Hence g = and ^P = 0, as desired. D 

Denote CB'^{V; M)x = C(y; M) n F^^.{M)x for A £ V^. Recafi that || A|p is the 
evaluation of the polynomial || • |p £ S{Vc)^ at A. 

Theorem 5.2. Let f £ CB'^{V- M)x. Then Hf / == -||A||2/ weakly if and only if 

f = T^'"\fc^)£F^;\M)x. 

Proof Suppose / £ CB'^{V; M)x satisfies T^f / = -||A||2/ weakly. By Proposition 
14.191 / satisfies the jump conditions (|4.14p for p £ S{Vc) of degree < 1. Hence 
/ = T'''^-^{fc+) £ F2^{M) by Proposition O For the converse, if / € F^;''{M)x 
then 

nff^-Af^-\\xff 

weakly, where the first equality is due to Proposition l4.19l D 

These results lead to the following concrete procedure to produce solutions to 
the spectral problem of the quantum many body problem (it is analogous to the 
usual Bethe ansatz methods for the one dimensional quantum Bose gas with delta 
function interactions and its root system generalizations, see, e.g., p51[^fT^[TOl[T^ 
and the introduction): pick g £ E{X) (^c M (which is a solution to the spectral 



TRIGONOMETRIC CHEREDNIK ALGEBRA AT CRITICAL LEVEL 23 

problem for the free Hamiltonians p{d) [p E S{Vc)^))- Then Theorem 15.21 shows 
that / — {fc)cec = T'^'^'^ g is the unique solution of 

</ = -||A||V 

such that fc^ — g and such that the fc G E{X) (g)c M satisfy the derivative jump 
conditions (|4.14p for be V^ nC and for p e S{Vc) of degree < 1. For R of 
type A, this gives Theorem 11.11 from the introduction. Furthermore, / satisfies the 
derivative jump conditions (|4.14p for all p £ S{Vc), and the explicit formula for the 
propagation operator T*^^*^ in terms of integral reflection operators tells us how to 
explicitly construct the fc'- 

fro-^c^ = {w^' <» w-')QkM{w)g, Vu. e ly^. 

This is not the end of the story though! For R C M" of type An-i with X = 
0"^^ Zci the quantum Hamiltonian Tijf can be interpreted weakly on V/Y. If 
we take furthermore M = P®" for some complex vector space P with the Sn 
action the permutations of the tensor entries and with the trivial action of Y, Ti^ 
represents the quantum Hamiltonian of a quantum system describing n quantum 
spin-particles on the circle S^ = R/Z with internal spins (the quantum spin state 
space of the quantum particles is P) and with pair-wise delta function interactions. 
The associated spectral problem amounts to analyzing the subspace F^' (M)'^ of 
y-translation invariant functions in F^^ '{M)\. In this case the class of functions 
g e E{\) (g)c M such that the associated / = T^^^^ g g F'^;^[M)x is F-translation 
invariant is more subtle to characterize. 

In the present general set-up we will give various characterizations of the sub- 
space i^^;''(M)f ° oiW" = W kY invariants in F^;''{M)x (in the context of the 
previous paragraph this corresponds to the bosonic y-translation invariant theory). 
The following type of characterization is commonly used in the physics literature 
on one dimensional quantum spin-particle systems with delta function interaction 

(see, e.g., [23 [Ml EH Ell El B ID). 

Proposition 5.3. Let f E F^' (M)\. Then f is W^-invariant if and only if 

g := fc^ e £;(A) ®c M satisfies Va e F", Vi; G K n C^, Vtj e 17, 

sa{g{v)) ^ g{v), 
(5.2) (IdM + Sa){{dDa-g){v)) = -2kag{v), 

{uj (g) uj)g = g. 

Proof Suppose that / is 14^ ''-invariant. Then fs^c+ = {sa 'S> Sa)fc+ (a E F'^). For 
b E F'^ and v EVi,C\ C+ the jump condition (|4.14p with p = 1 becomes the first line 
of (|5.2p . The jump condition (|4.16p for 6 E F"' becomes the second line of (|5.2p . 
Let cj G 51. Since uj(C+) = C+ we have fc^ — {u; ^ uj)fc^, which is the third line 
of (lOl) . 

Conversely, let / G F^;''{M)x with g := /c+ satisfying jOj)- Then g E E{X) 0c 
M and / - T'^^^'g. Define h = (hc)cec G F|.(Af)A by 

This is well defined by the third line of (|5.2p . By construction h is W°-invariant 
and hc^ = 9 = fc+ ■ We now show that h satisfies the derivative jump conditions 
()4.14p for p E S{Vc) of degree < 1. By the W-invariance of h it suffices to verify 
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the jump conditions for C = C+ the fundamental chamber, h € F"" and v E VbDC^. 
The jump conditions then hold for p = 1 in view of the first line of (j5.2p . For p of 
degree one it suffices to check the jump conditions for p — Dh^ (see (|4.16p ). which 
is a direct consequence of the second line of (|5.2p . 

By Proposition O we conclude that h e F^;''{M)x, hence h = T''^^'' {hc+) = 
T^M{g) = /. Thus / is l^°-invariant. D 

Remark 5.4. For M = I the conditions (|5.2p for g e E{X) simplify to {dDa'^g)(v) = 
— kag{v) and uig = g for a £ F"-, v E Va C+ and uj E fl. 



5.2. The Bethe ansatz equations. Proposition 15.31 gives a simple criterium to 
ensure VF'^-invariance oi f — T'^'^^g E F^^ {M)x- A different characterization is 
Qk,M{w)g — g for all w E W"'. We reformulate this now in explicit Bethe ansatz 
equations for the coefficients in the plane wave expansion of g E E{\) (K)c M. 
We write Cl"'^ C V^ for the VF-invariant set 

Cl'3^{XEVi\0^X{Da'')^ka VaGi?'^}. 

We assume throughout this subsection that A E C^^^ unless specified explicitly 
otherwise. For such a spectral value A we then have, besides the plane wave basis 
{e'"^}„eVF of E{X), the cocycle {J^(A)}^,eW" in C[VF'']^ to our disposal. We 
furthermore fix a left W^"-module M in the remainder of this subsection. 
The following lemma will be useful in the computations. 

Lemma 5.5. Let /i G V^ satisfying /i(a^) j^ for all a E R. For a E F°- and 
m E M we have 

/ „-a{0)p,{Da'^) SDal-i. _ pP.\ 

gM/(5a)(e^®m) =e-'^W^(^'^ )e^°"'^® s^m + fca r^^. ]®m. 

Proof. Since Qk,M{sa) — Sa® Sa — kal{a) ® Idjv/ the lemma follows from a direct 
computation using 

fi _ -a(0)ii(Da^) soati. 

^(-X^") = lAD^) ■ 

D 

We now first consider the subspace F^^{M)Y of (5i;.M(W^)-invariant elements in 
F^^{M)x. Recall the normalized intcrtwiners J^(A) E C[W"-] for w E W from 
subsection 14.11 

Denote 1 for the unit element of W. 

Proposition 5.6. Let m^ E M (w E W). Then 



(5.3) }_^e^^®m^EF^,{M)^ 

if and only if iriy^ — J^{X)mi V w E W. 



Proof We denote the left hand side of dO]) by fx- Clearly fx E Fl{M)x and fx 
is M^-invariant if and only if 

Qk,Misa)fx^ fx \faEF. 
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In the latter equations we expand both sides sums of the plane waves e™^ {w G 
W) with coefficients in M, using Lemma [5.51 for the left hands side. Comparing 
coefficients we get that fx G F^^{M)^ if and only if 

{{w\){a^) — ka)'ms^w — {{'U}X){a^)sa + ka)ra^, V a E F, V w G W. 
This can be rewritten as nis^w = -^iKw^^)™™ VaeFVweVK. By the cocycle 
property of J^(A) this in turn is equivalent to m^, = J^(A)mi Vw e W. D 

Corollary 5.7. The assignment 

m ^ ^™ := J2 e"^ ® 4(A)m 

wew 

defines a complex linear isomorphism M — > F^^{My^ . Furthermore, 

(5.4) Ck{X)^T = Y. Qk,MH(e^ ® m) 

wew 

with Cfc(A) the c-function 

^^-W= 11 A(av) • 



Proof. The first statement is immediate from the previous proposition. To prove the 
second statement we write g\ for the right hand side of (|5.4p . Then gx G F^j.{M)Y , 
hence 

for a unique m' E M. By Lemma [5751 one easily deduces that 

J^„(A)™' = Cfc(A)Ji„(A)m 

for the longest Weyl group element Wq E W with respect to the basis F of R. Hence 
m' = Cfe(A)m, which concludes the proof. D 

Remark 5.8. (i) The proofs of Proposition 15.61 and Corollarv l5.7l are based on the 
methods from [30, Prop. 1.4]. 

(ii) For M = I we write ifjx for -0™ with rn — 1. Since j^(A) = Ck{X)^^Ck{wX) for 
w EW (see (|i3| ) we get 

^^ = 4tT E Cfe(u'A)e"'\ 

in accordance with [T^l [301 [H] ■ 

We next analyze when V'™ S F^^{M)^ is W^"-invariant. We start with the 
following preliminary lemma. 

Lemma 5.9. For m E M we have 

(5.5) Qk,M{so)K=K 
if and only if 

(5.6) J,''„^(A)m - e-(-^)(«^) J,^^^(A)m ^wEW. 

Proof. Substitute the plane wave expansion tjj™ — '^Zwew ^^'^ ® JtW''^ i^ the 
equality Qk,M{so)ip™ = i/)™ and expand again both sides as sum of plane waves, 
using Lemma [5751 for the left hand side. Equating the coefficients gives the equiva- 
lence between (|5.5p and (|5.6p (compare with the proof of Proposition [570]) ■ D 
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Theorem 5.10 (Bethe ansatz equations). Let A G C^"^^ and m G M. We have 
ijT^KUM)r if and only tf 

(5.7) J^{X)m^e^^y'>m VyeY. 

Proof. Since sq — sgt^gv^ the cocycle condition for J^(A) {w e W"-) gives 
JiM) = ^.'»(A)J!„-i(ev)(A), yw e t¥. 

By Lemma [O] we conclude that V^ € i^^^CM)^^'"^'' if and only if 

(5.8) JyWm = e^^^^TO 

for y e Q^ of the form y = —w~^{9'^) {w G W). The co-root lattice Q^ is generated 
by W^6'^ and y i~^ >/^(A) defines a group homomorphism Y -^ C[PF°]^, hence the 
theorem is correct when Y = Q"^ . 

Fix w e il and write lu — tya with y (z Y and cr G W. For w g VF we then have 

wJ^(A)m = Ji,,(A)m = J,';,^(A)m, 

where the first identity is in C"^(V) (with the standard PF^-action) . Using the plane 
wave expansion ip™ = J^wew ^^^ ^ ^wW^^^ ^'^ conclude that 

Qfc,Af (^)V'r = K 

if and only if 

J,';^(A)m - e('"^)(^)4(A)m ^w e W. 

By the cocycle condition for J^(A) (w G W""), this in turn is equivalent to 

4j^(A)m = e^("'^)m Vw G VK. 

If S denotes the set of y G F for which there exists an w G il of the form uj ~ tya 
{(JEW), then we conclude that ip^ G i^^;(Af )^° if and only if jSH) holds for all y 
in the sublattice i of F generated by Q^ and the VF-orbit of S. Since L — Y, this 
concludes the proof of the theorem. D 

For nontrivial M^°-modules M various special instances of the Bethe ansatz equa- 
tions (|5.7p can be found in the literature, see, e.g., [23 133 [351 [7]. For M = I the 
theorem becomes the following statement. 



Corollary 5.11. 



^^ = ^ E ^k{wX)e-^ G £;(A) 
Cfc(A) ^^ 



wew 

is Q kjiW^) -invariant if and only if the spectral parameter A G C^.'^^ satisfies the 
Bethe ansatz equations 

4(A)-e^(^) yyeY 

with jy{\) given by (|4.4p . 

Corollary 15 . 1 1 1 generalizes the Bethe ansatz equations from f9], which dealt with 
the special case fco = kg and Y — Q^ . For root systems R of classical type it goes 
back to [231 [12|- 
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5.3. Solutions to the Bethe ansatz equations. For M = I, fco = ke and Y = 

Q^, the set of spectral values A solving the Bethe ansatz equations ()5.7p has been 
analyzed in detail. For R the root system of type A it goes back to [37 . The 
solutions are parametrized by the extrema of a family of strictly convex functions. 
Such phenomena happen in various other quantum integrable models, such as the 
Gaudin model [333. 

We now analyze the Bethe ansatz equations (|5.7p for M = Func(Ty) the 
complex valued functions on W^, viewed as left 14^ '^-module by the left regular 
action {L{w)f){w') = /{w-^w') for w,w' G W and / S Func(W^''). We de- 
note Fun^{W'^) for the vector space Func(W) endowed with the left VF"-action 
{R{w)f)iw')^f{w'w). 

Consider for A G VJ^ the yl(fc)-module Fj^(I)a as W°-module by restricting the 
representation map Qkj to W^. We view the complex linear dual F^{T)\ as W""- 
module with respect to the associated contragredient action. We have a complex 
linear map Ex : i^^^(I)^ ® Fj^ifjx -^ Func(VF") defined by 

Ex{g(g)v) := g{Qkj{-)v). 

It intertwines the W x VF'^-action on i^^(I)^ (g) i^^(I)A with the W x VK"-action 
L X R on Func(VF''). In particular, Ex is a VF^-module morphism with respect to 
the conjugation action (wf){w') = f{w~^w'w) on Func(VF''). 

Denote ea : I ^ Pi^rW^^^^trWx f^^' ^^^ co-evaluation map. It is the W^°-niodule 
morphism defined by eA(l) = X^i ^j ^ ^h where {vi}i is a basis of F^^{T)x and {v*}i 
is the corresponding dual basis. 

Theorem 5.12. Let A G VJ. The mapping 

g i-> (Id^^-^p)^ ® Ex)(ex ® lApu^tj^Jg 

defines an isomorphism 

^x : F^^{l)x - Ft{¥uMW'^))T 

of left W^-modules, where i^j^(Func(M^°))]i^ is regarded as a W"' -suhmodule of 
E{\) (8)c Fun^ (W^) with respect to the action w i-^ Id (X) R{w). 

Proof. By construction ^a defines a complex linear map 

vI-A : FtrWx ^ {Ftril)x^FunciW''))'^\ 
By Proposition 14. 131 we have 

(5.9) (^f,(I)A®Func(W^«))'^° =^^.(Func(I^''))r- 

The resulting linear map 

^x:Ft{l)x^FUFvinc{W-j)r 

is easily seen to be a morphism of left ly-modules. It remains to show that ^^a is 
an isomorphism. Define the hnear mapping $a : Fi'r(F'^'^ciW°'))Y'' — > Ptri^)>- by 
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alternative characterization ()5.9|) we have for J2j9j ® ^j ^ Fj^(Func(M^"))^ 



where 1 is the unit clement of W"^. Clearly <&> is a left inverse of $a- By the 

A > 

J2hj{w)9j - ^/ij(l)Qfc,i(u')gj-, Vu. e W\ 

3 3 

which implies that $a is also the right inverse of ^a- D 

Let A e C\^^ . Theorem lS. 121 gives rise to the following explicit description of the 
solutions of the Bethe ansatz equations (j5.7|) for M = Func(W^'^). 

For a common eigenfunction of the scalar Dunkl type operators, / = T^'^{g) £ 
C'mA=T'='HJ^f.(I)A),wehave 

with Cg^w G Func(M^°) determined by 

Corollary 5.13. For A G C'^'^^ we /lawe 

wew 

In particular, Cg^w — L{J^{X))cgs for w £ W and g £ Fj^(I)a, and the functions 
Cgi £ Func(M^°) (g £ F^^{I)\) give all the solutions of the Bethe ansatz equations 



((5Jl) for the W -module M = Func(l^°). 

Remark 5.14. CoroUarv 15.131 should be compared to the observation of Yang [3B] 
(see also |35l[22l[21]) that an arbitrary eigenfunction of the quantum Hamiltonian of 
the one dimensional quantum particle system with delta function potentials gives 
rise to a symmetric eigenfunction of the quantum Hamiltonian of an associated 
quantum spin-particle model. 

The principal series modules of W"" are defined as follows. For t £ V^^ the 
principal series module of W^ with central character t is the vector space M{t) = 
®wew '^'"wit) with action given by 

UVwit) = Vuw{t), u£W, 

yv^it) = e'^^'"y\^{t), y£Y 

for w £ W. Observe that M{t) is unitarizable iff i e ^/—IV*, in which case 
the corresponding scalar product is given by {vu{t),Vw{t)) :— S^^w for u,w £ W 
(conjugate linear in the second component). 

Yang [35] derived and studied the Bethe ansatz equations (|5.7p for root system 
R of type A and for M the principal series module M(0). More generally, a natural 
problem is to describe the solutions of the Bethe ansatz equations (|5.7p for the 
principal series module M{t). We make a modest start here with the following 
observation. 

Proposition 5.15. Fix A £ C^.^^ and let M be a unitary W^-module. Assume that 
ka £ ]R<o for all a £ i?" (which corresponds to repulsive delta function interactions 
in the physical interpretation) . If there exists an y^ m £ M satisfying the Bethe 
ansatz equations (|5.7p . then A £ \/ — lV*. 
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Proof. We assume that A = ^ + y/^u e Cl"^ with ^,v ^V* and m(q:^) > for 
aU a G i?+. It suffices to prove the theorem under these additional assumptions; 
indeed, if =^ m e M satisfies dST]) then 7^ n := J^{\)m & M {w £ W) satisfies 

Fix fc < and u € C with Re(u) > 0. Denote (•, •) for the scalar product on 
M, and || • || for the corresponding norm. For a simple affine root a £ F'^ and 
^ n E M wc then have 

'usa + 



which is < ||n|| and = ||n|| iff Re(M) = 0. 

We are first going to apply this estimate to show that Jgv (A) has operator norm 
< 1. Write S0 = SaiSa2 ' ' ' ^a^ (o^j G ^) fo'" ^ reduced expression of sg e W. Then 

i?+ n SgR~ = {Pi, . . . ,Pr}, Pj = Sa,SQ,„i ' ' -Saj + iiaj). 

Since tgv = SQSg the cocycle condition gives 

;, ^ / A(6>^)so + fco \ f X{/3i)sc,, + kgA f X{(3r)sa, + kg, 
'^^' ' \X{9'')-koJ\ A(/3i)-fc„, )'"[ \{l3r)-k^^ 

The previous paragraph thus implies that || J9v(A)|| < 1. 



Let 7^ TO e M be a solution of the Bethe ansatz equations (|5.7p . Then 



Since A = /i + ^/^v with n{a^) > for aU a e R+ we obtain /i(6'^) = 0. We 
have 9^ = X^qsf '^qQ;^ "^ith J^q > 1, hence fi{a^) = for all a G i^. In particular, 
/i G y* is Ty-invariant and 

\\MX)n\\ = \\JUV^i^)n\\ = \\nl Vw G VF,Vn G M. 

Let now uj £ Q and write uj = aty with a £ W and y £ Y . Then 

||to|| = II^i^toII = II J^(A)to| 

= ||J,^(A)J^^(A)to|| 

= |e^(^)|||TO||, 

hence /i(y) — 0. As in the proof of Theorem 15. 101 we conclude that i.i{Y) = 0, hence 
M = 0. D 
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